EQUIVARIANT HOMOLOGY AND COHOMOLOGY OF GROUPS 
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Abstract. We provide and study an equivariant theory of group (co)homology of 
a group G with coefficients in a T-equivariant G-module A, when a separate group 
T acts on G and A, generalizing the classical Eilenberg-MacLane (co)homology 
theory of groups. Relationship with equivariant cohomology of topological spaces 
is established and application to algebraic K-theory is given. 



Introduction 

It is well known that the study of groups with operators has many important ap- 
plications in algebra and topology. The category of groups enriched with an action 
by automorphisms of a given group provides a suitable setting for the investigation 
of an extensive list of subjects with recognized mathematical interest. See for in- 
stance recent results in equivariant stable homotopy theory [S] and articles devoted 
to equivariant algebraic K-theory |T51 121] • The origin of the equivariant investi- 
gation in homological algebra, particularly in extension theory of groups, goes back 
to the article of J. H.C. Whitehead [36j. It should be noted that recently a theory of 
cohomology of groups with operators was developed jSj, motivated by the graded 
categorical groups classification problem which was suggested by Frohlich and Wall 
|16j . This problem was solved [7] by using the third cohomology of groups with 
operators introduced in jH]. An equivariant version of the classical Brauer-Hasse- 
Noether result was proved [§] showing that for any Galois finite field extension F/K 
on which a separate group of operators V is acting, there is an isomorphism of equi- 
variant isomorphism classes of finite dimensional central simple i^-algebras endowed 
with a T-action and containing F as an equivariant strictly maximal subfield and 
the second cohomology of groups with operators defined in |H] of the Galois group 
of the extension. A homology theory of groups with operators corresponding to the 
cohomology theory of groups with operators [S] has been treated in [TTj . 

In jH] it was stated that the second cohomology group of a T-group G with coef- 
ficients in a T-equivariant G-module A classifies the T-equivariant extensions of G 
by A. From this result arises the natural problem about the cohomological charac- 
terization of those T-equivariant extensions of G by A which are T-splitting. The 
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solution of this problem (see Theorem l2"Uj) has motivated an attempt to develop 
a different equivariant (co) homology theory of groups, which is presented in this 
paper. 

By definition for a T-group G its equivariant homology and cohomology groups, 
H^(G, — ) and H^(G, — ), are defined as relative Tor^ and Ext^, n > 0, functors re- 
spectively in the category of T-equivariant G-modules (Definition P). Therefore this 
(co)homology theory of groups can be considered as a part of the relative homolog- 
ical algebra jT^j. We provide equivariant versions of classical homological theorems: 
(co) chain and cotriple presentations of the homology and cohomology of groups, 
Hopf formula for the second integral homology, universal coefficient formulas, uni- 
versal central extensions, cohomological classification of extensions of groups, exact 
(co)homology sequences, Tate (co)homology of groups and the cup product. Appli- 
cations in algebraic K-theory (Corollary 24) and the relationship with equivariant 
cohomology of topological spaces (Theorem 22) are established. 

Corollary 24 motivates the following 

Conjecture. There is an isomorphism K%(A) = H 3 (St(A)) for any ring A. 

For its proof equivariant versions of relevant classical homotopy theorems will be 
probably needed. This is well known when A is a unital ring ^7] and in this case 
St(1i) acts trivially on St(A). 

Another application will be the construction of an alternative equivariant alge- 
braic K-theory by using T-equivariant commutators ( Section 6). Moreover in 
the near future it is intended to investigated for any ring (not necessarily with unit) 
the relationship of higher Quillen's algebraic K-groups with the equivariant integral 
homology of the general linear group under the action of the Steinberg group of 
the ring of integers. It is also intended to establish the relationship of this alterna- 
tive equivariant algebraic K-theory with existing equivariant algebraic K-theory and 
equivariant homotopy theory and to provide higher Hopf formulae for equivariant 
integral homology of groups. 



I. Definition and (co)cycle description of the equivariant 

(co)homology of groups 

Before defining the equivariant (co) homology of groups we briefly recall the defi- 
nition of the cohomology of groups with operators introduced in [S]. 

The n-cochains of a T-group G with coefficients in a T-equivariant G-module A 
(see definition below) are the maps 

/ : |J G p+l xT q ^A, p + q = n-l, 

normalized in the sense that f(x±,--- , x p+ i, o~i, ■ ■ ■ ,a q ) = whenever Xi = 1 or 
Oj = 1 for some i = 1, . . . ,p + 1 or j = 1, . . . , q, and the coboundary operator is 
introduced in a natural way. One gets a cochain complex whose homology groups 
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are the cohomology groups of the T-group G. Note that in this theory the zero 
cohomology group is trivial and as mentioned above the second cohomology group 
describes the V- equivariant extensions of the T-group G by the G x T-module A. 

Now we will give our definition of the equivariant (co) homology of groups. Let G 
be a T-group. A T-equivariant G-module A is a G-module equipped with a T-module 
structure and both actions of G and r on A satisfy the following condition: 

(1) a ( x a) = ' x (°a), xeG,aeT, a E A. 

The category of T-equivariant G-modules is equivalent to the category of G x V- 
modules, where G x T denotes the semidirect product of G and T (see [8 ). Let B 
and C be two T-equivariant G-modules. Clearly a map / :B^CisaGxir- 
homomorphism if and only if it is compatible with the actions of G and V. A 
G x T-module free as a G-module with basis a T-subset will be called a relatively 
free G x T-module. Denote by V the class of G x T-modules which are retracts of 
relatively free G x T-modules. The elements of V will be called relatively projective 
G x T-modules. A G x T-homomorphism / : B — > C of G x T-modules is a V- 
epimorphism if it is T-splitting, that is there is a T-map 7 : C — > B such that 
/7 = lc*- The group ring Z(G) is a relatively free G x T-module in a natural way 
with the action of T by 

CT (^mi5(i) = ^rrii a g,i . 

i i 

Let A be a G x T-module. Denote by iGxr^l the subgroup of A generated by the 
elements ^'^a — a = 9 ( a a) — a, g E G, a E T, a E A, and by Ac^r the quotient 
group of A by Iq^tA. Then it is easily checked that one has canonical isomorphisms 

Z(G)® Gxr A = A r , Z® Gxr A = A G><sr , Hom G><r (Z(G), A) = A v . 

Clearly if V acts trivially on A, then Z(G) ® G xr ^4 S Hom G>ir (Z(G), A) ^ A. 

In the category of G x T-modules there are sufficient relatively projective (free) 
G x T-modules. If A is a G x T-module, take the free G-module F(A) generated by 
A and define the action of T on F(A) by 

a (g\a\) = u g\ a a\ , g E G , a ET , a E A . 

Then F(A) becomes a relatively free G x T-module with basis A being a T-subset of 
F(A) and the canonical map F(A) — > A is a P-epimorphism, since it is T-splitting 
by the map 

7 : A -> F(A) , 7(a) = |a| , aG A. 

It is standard to show that one has isomorphisms 

H n (P*(A) ® G xr B) = H n (A ® Gyir P*(B)) , n>0, 

where P#(A) and P*(B) are P-projective G x T-resolutions of A and B respectively. 

Now we are ready to define the equivariant homology iff (G, A) and cohomology 
H£{G, A) of a T-group G with coefficients in a T-equivariant G-module A. 

Definition 1. H^(G,A) = Tor^(Z,A) and H£(G,A) = Ext£(Z,A) /or n > ; 
where G and T act trivially on Z. 
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It is clear that H$(G,A) = H n (G, A T ) and H£(G,A) ^ H n {G,A r ) for n > 0, if 
T acts trivially on G and therefore this case is not interesting from the equivariant 
point of view. 

A short exact sequence of G x T-modules 

(2) O^CWC^CWO 

will be called proper if (3 is T-splitting, i.e. there is a T-map 7 : C2 —>■ C such that 
Let 

(3) > B n -> ► Ex -> £? -> Z -> 

be the bar resolution of Z, where B = Z(G), and £> n , n > 0, is the free Z(G)- 
module generated by f?2, • • • ,9n],9i £ G. Define the action of the group T on 
the bar resolution as follows. T acts trivially on Z, the action of T on i?o is already 
defined and if n > then °"(g[gi, 5% • • • , #«]) = a g[ a gi, a 92, ■ ■ ■ ° 9n] for the action of 
T on B n . The well known contraction 7_i : Z — > £> , 7-1(2) = zl, 7„ : B n — ► -B n+ i, 
7n(p[^i, • • • , <? n ]) = [#> Pi j • • • > 9n], n > 0, is clearly a T-map. We deduce that under 
this action of Y the bar resolution (J3J) becomes an exact sequence of G x T-modules 
such that each B n is a relatively free G x T-module and the sequences 

— > Ker <9 n — > £?„ — > 7m9 n — > , n > 

and 

-> Ker e -> 5 -> Z -> , 

are proper short exact sequences of G x T-modules. Therefore Q is a relatively free 
G x T-resolution of Z which will be called the T-equivariant bar resolution of Z. It 
follows that 

# n r (G, A) = H n (B* ® G><r A), H£(G, A) = H n (KomG»r(B„ A),n > 0. 

These isomorphisms allow us to produce an alternative description by (co) cycles 
of the equivariant (co) homology of groups. The case of the equivariant homology 
of groups is clear. To this end consider the abelian group C^(G,A) of T-maps 
/ : G n — > A, n > 0, which will be called the group of n-th T-cochains. By using the 
classical cobord operators 6 n : C$(G,A) -> G£ +1 (G,A), n > 0, one gets a co chain 
complex 

-> C£(G, A) -> C£(G, A) -> c£(G, A) — > ► Cr(G, A) —»•••• , 

where C® = A r , Ker^ 1 = Derr(G,A) is the group of T-derivations, and the ho- 
mology groups of this complex give the T-equivariant cohomology groups of G with 
coefficients in the G x T-module A. 

It is easily checked that any proper short exact sequence (J2J) of G x T-modules 
induces long exact homology and cohomology sequences 

- • • — > H T n+l (G, G 2 ) — > H n (G, Ci) H 2 (G, G 2 ) — ► H^(G, Ci) — > 

G) - iff (G, G 2 ) - Jf r (G, Ci) - Jf r (G, G) - Jf r (G, G 2 ) - , 
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-> H°(G, C x ) -> P°(G, C) -> H°(G, G 2 ) -> if*(G, d) -> P*(G, G) - 
P*(G, G 2 ) -> i^(G, Ci) - ► i^(G, G 2 ) -> P? +1 (G, Gi) 



2. EQUIVARIANT (co)HOMOLOGY OF GROUPS AS COTRIPLE (co)HOMOLOGY 

To present the equivariant (co) homology of groups as cotriple (co) homology we 
will use the free cotriple defined in the category Qy of T-groups given in |2*T] 122] 
to develop a non-abelian homology theory of groups. This cotriple corresponds to 
the tripleability of Qt over T-Sets. The resulting cotriple T = (F, r, 5) is the free 
cotriple in the category of groups endowed with the T-action defined as follows. For 
any T-group G the action of T on the free group F(G) is given by a \g\ = \ a g\, g G G, 
a G T. The cotriple thus defined essentially differs from the cotriple introduced 
in [H] for the cotriple interpretation of the cohomology of groups with operators. 
Let V?r be the projective class induced by the cotriple T in the category Q r . It is 
easy to see that a morphism / : G — > H of T-groups is a PjF-epimorphism if it is 
surjective and T-splitting. Since the category Q T has finite limits, any T-group G has 
a P^r-projective resolution (X*, d®, G) in the category Q r in the sense of |33], that is 
X* is an augmented pseudo-simplicial T-group which is PjF-exact jSH I2D] and each 
X n , n > 0, belongs to the class V?. Many examples of pseudo-simplicial sets which 
are not simplicial are given in |23l ITU ITS'] . A P^-epimorphism / : P —>■ G with P 
an object of the class V? will be called a projective presentation of the T-group G. 
Any projective presentation of G induces in a natural way a Pjr-projective resolution 
P* — ► G, constructed as follows: 

_ '0 

■ ■ • T F{L 2 G) TL -^ G L 2 G -> F(LiG) ^ L X G z% P -A G, 

;2 l l 
'2 

where (L X G, is the simplicial kernel of the morphism /, (L 2 G, Zq, Zf, the 

simplicial kernel of the pair of morphisms (IqT^g, ^Tlig) and if (L n G, Iq , . . . , /") has 
been constructed, then (L„ +1 G, /q +1 > • • • j C+i) i s the simplicial kernel of the sequence 
of morphisms {IqT^g, • • • , ^tl„g)- Simplicial kernels are defined in [33H20]. Denote 
P = P,P n = F(L n (G)) and = iy Ln{G) for n > 0. 

Let T be a functor from the category Qr to the category Q of groups. Then by 
definition the left cotriple derived functors P^T(G) are equal to n n (TF*(G), n > 0, 
where r : P*(G) — > G is the free cotriple resolution of G with P = P(G),P n = 
F(F n (G)),n >l,d? = F l rF n -\s™ = P i 5P n " i (see [33]) and the left derived func- 
tors V^ T T{G) with respect to the projective class are equal to 7r n (T(X*)), n > 
(see [OH 120])- If the functor T is a contravariant functor with values in the category 
of abelian groups, one has also its right derived functors. 
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Proposition 2. The left cotriple derived functors of a functor T : — > Q are 
isomorphic to its left V?- derived functors. 

Proof. Let (P*, 8$, G) be the standard PjF-resolution of G. Then it is easy to see that 
this resolution is left contractible in the category of T-Sets. Thus the augmented 
pseudosimplicial T-groups (Pj(P„), Pj(<9q), P;(G)) are left contractible for i > in 
the category of T-groups (for the categorical definition of left contractibility see 
[23 [20 ). On the other hand the augmented simplicial T-groups (F*(Pj), Tj, Pj) are 
also left contractible for j > 0. It follows that the homotopy groups 7i n , n > 0, 
of the pseudosimplicial groups TF^P*) and TF*(Pj) for i,j > are trivial and 
the homotopy groups of 7ro(TPj(P,,)) and 7r (T P*(Pj)) give the left projective and 
cotriple derived functors respectively of the functor T. Consider now the bipseu- 
dosimplicial group G**(G) by putting G pq {G) = TF p (P q (G)) and apply the Quillen 
spectral sequences jSHl EH 120] for a bipseudosimplicial group. It follows that the 
n-th homotopy groups, n > 0, of TP*(G) and TF*(G) are both isomorphic to the 
n-th homotopy group of the diagonal pseudosimplicial group AG**. It remains to 
apply Theorems 1.2 and 2.1 of ^J] showing that the definition of the left projective 
derived functors are independent of the projective resolution of G. □ 

Note that this proposition is known for the left derived functors of functors (right 
derived functors of contravariant functors) with values in the category of abelian 
groups [HI] . 

Let A be a fixed T-module and aQt the category of T-groups acting on A such that 
the condition (JTJ) holds. Consider the following functors from the category aQt to the 
category of abelian groups: J(— ) ®Gxir A and Der r (— , A), where 1(G) is the kernel 
of the canonical homomorphism e : Z(G) — > Z of G x T-modules and Derr(G, ^4) is 
the group of T-derivations from G to A consisting of derivations / : G — > A such 
that f(°g) = °f(g), g e G, a e T 0. 

Theorem 3. There are isomorphisms 

H?(G, A) - L^_ X (I(G) ® Gxr A) , H£(G, A) R n f x Der r (G, A), n>2. 

Proof. Apply the functor J(— ) to the free cotriple resolution r : P* — > G of the 
T-group G. One gets an augmented simplicial G x T-module P(P*) — > 1(G). We 
introduce the notations: 

IF n (G)^ HF n (G))(y-e) 

for n > 0, F°(G) = G. 

There are natural homomorphisms 

a n : D n (G) -> E n (G) , n > 1 , 

induced by the homomorphism tOqOq ■ ■ ■ Oq ~ 2 8q _1 : F n (G) — > G such that we obtain 
a morphism of augmented simplicial G x T-modules 

(P*(G) -> /(G)) - (P*(G) - /(G)) . 



= P n (G), Z(G)(i/-e)=P n (G) 

y£F n (G) 
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The left r-contractibility of the cotriple resolution F*(G) — > G implies the V- 
contractibility of the corresponding induced abelian chain complexes 

• • - - D n {G) - • • • - D 2 (G) -> D X (G) - /(G) -> 0, 

> E n (G) ^ > E 2 {G) % E 1 {G) ^ /(G) - 0, 

where e n = XX - l) l£ ?> n — 1- m effect the canonical T-injections {/, / n , n > 1}, 

j 

/:G-F(G), f n :F n (G)^F n+1 (G) = (F(F n (G))), n > 1 , 

yield the left T-contractibility of F*(G) — > G in the category of T-sets (see [33], 
Lemma 1.2). Therefore we obtain r- homomorphisms 

Z(/) : Z(G) - Z(F(G)) , Z(/ n ) : Z(F n (G)) -> Z(F" +1 (G)) , n > 1 , 

of free abelian T- groups induced by {f,f n ,n > 1}, where the action of T on 
Z(F n (G)), n > 0, F°(G) = G, is induced by the above defined action of T on 
F n (G). The action of V on IFJG) E Z(F n (G))(y -e),n> 0, is induced by 

y€F n (G) 

the action of T on Z(/ ln (G)), namely 

- e)) = °x{°y - e) , xG Z(F"(G)) , y E F n (G) . 

The T- homomorphisms {Z(/), Z(/ n ), n > 0} induce T- homomorphisms 

/G -> 2F (G) , IF n (G) -> /F n+1 (G) , n > , 

and yield the required T- contraction in IF*(G). 
Thus each short exact sequence 

— > Kere n — > E n (G) — > /me n — > 0, n > 1, 

is T-splitting and it follows that (22* (G) — > 2(G)) is a relatively free resolution of 
the G x T-module 2(G). 

It is obvious that the homomorphisms a n , n > 1, induce isomorphisms 

m 23 n (G)® F n (G)><r A = £ n (G)<g> G>< rA, 

1 j Hompp) (D n (G) , A) = Hom G , r (E n (G), A) . 

Whence we deduce from (gj) that (1(G)® A) = Tor^(/(G), A), n > 0. It is easily 
checked that the well known isomorphism 

Rom FHG) (D n (G),A) - Der(F n (G), A) 

is compatible with the action of T, whence its restriction on the subgroup 
Hornpn^^r (Z) n (G), A) gives an isomorphism with Derr(F n (G), A). Thus from (J3J) 
one gets 2?£Der r (G, A) = Ext^(2(G), A), n > 0. 
The proper short exact sequence of GxT-modules 

(5) -> /(G) -> Z(G) -> Z -> 

yields long exact sequences of the relative derived functors of the functors — ®cxr A 
and HomGx,r(— , A) implying the isomorphisms 

Hl +l (G, A) = Tor^(2(G), A) and 2/™ +1 (G, A) = Ext£(/(G), A) , n > 1 , 



8 HVEDRI INASSARIDZE 

which give the required isomorphisms. □ 

It is clear that (/(G) ® GMr A) = I(G)® G xirA and i?^-Der r (G, A) = Der r (G,A). 

Definition 4. A T-group G will be called T-free, if it is a free group with basis a 
Y-subset. 

Corollary 5. IfG is a retract of a T-free group, then H^(G, A) = and i/f(G, A) = 
for n > 1 and any G x T -module A. 

Proof. The augmented simplicial group F*(G) — > G is left contractible [33] implying 
the triviality of the homotopy groups 7r n (IF*(G) ®G*ir A) and n n Derr(F*(G), A) for 
n > 1. □ 

Corollary 6. //G and T aci trivially on Z, then i/f(G, Z) = 1(G) Cg>Gxir Z. 

Proof. The proof follows immediately from the long exact sequence of the functors 
Tbr£(-, Z) induced by ©, since Z(G) ® G * r Z = Z. □ 

Proposition 7. T7ie cotriple derived functors L^Hf(—,A) are isomorphic to 
H$ +1 (-A),n>0. 

Proof. The long exact sequence of the functors Tor^(— , A) for the sequence (J5J) 
yields the exact sequence 

-> #[(G, A) -> 1(G) ® G>< r A -> Z(G) ® GxT A -> Z ® G> « r A -> 0. 

It follows that there is a functorial short exact sequence 

-> #[(G, A) -> /(G) ® G * r A -> / G> ,rA//rA -> 

inducing a short exact sequence of abelian simplicial groups 

-> i/f (F*(G), A) - /(F»(G)) ® G , r A - / Ft(G))<r A// r A - 0. 

It remains to apply the corresponding long exact homotopy sequence and to see that 
^F t (G)>trA/IrA is a constant abelian simplicial group. □ 

Denote by [G, G]r the subgroup of the T-group G generated by [G, G] and by the 
elements of the form a g ■ g" 1 , g G G, a G I\ This subgroup will be called the T- 
commutator subgroup of G. It is obvious that [G, G]r is a normal T-subgroup of G 
and T acts trivially on the abelian group G/[G, G]r- If i/ is a normal T-subgroup of 
G, we denote by [G, i/]r the subgroup of G generated by the elements x a yx~ x y~ x , 
where x G G,y G iZ, <7 G T. 

Let .B be an abelian group on which T acts trivially and / : G-» 5 a homo- 
morphism of T-groups. Then / factorizes uniquely through G/[G,G]r- Consider 
the subgroup of G generated by the elements of the form x a yx^ 1 y^ 1 , x,y G G, 
a G r. It is easily seen that this subgroup coincides with [G, G]r- The elements 
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x a yx~ x y~ x = [x, y] a will be called r-commutators of G, the group G/[G, G]r the T- 
abelianization G^ b of G and the corresponding functor G i— > G^ b the T-abelianization 
functor. 

Proposition 8. There is a functorial isomorphism 

1(G) CS>Gxr A = G/[G, G]r ® A , 
where G and T act trivially on A. 

Proof. It is enough to show that 1(G) ®Gxr Z = G/[G,G]r- This isomorphism is 
given by (g — e) ® n i— > n[g] . Its converse is defined by [g] i— > (g — e) Cg) 1. We have 
only to show the correctness of the converse map. 
One has 

(x a yx~ l y~ 1 — e) <g> 1 = (x a yx~ 1 y~ 1 — x + x — e) <E> 1 = x(^yx~ y~ — e) <S> 1 + 

(ar - e) ® 1 = ("yx^y' 1 - e) ® 1 + (ac - e) ® 1 = ("yx^y' 1 - a y + CT y - e) <g> 1 + 

(a; - e) <g) 1 = CT y(x _1 y _1 - e) (g) 1 + C 7 ?/ - e) <8> 1 + (x - e) <g> 1 = (aT 1 ?/ -1 - e) <g> 1+ 

(y - e) ® 1 + (x - e) <g) 1 = (x^y' 1 - x" 1 + aT 1 - e) <g> 1 + (y - e) <g> 1 + (x - e) ® 1 = 

aT 1 ^ -1 - e) <g) 1 + (aT 1 - e) ® 1 + (y - e) ® 1 + (x - e) <g) 1 = (y' 1 - e) ® 1+ 

(aT 1 - e) ® 1 + (y - e) <g) 1 + (x - e) <g) 1. 

But for any element x & G the following equalities hold: 

= ® 1 = (xaT 1 - e) <g> 1 = (x - e) <g> 1 + (aT 1 - e) <g> 1 . 

It follows that under the afore defined converse map any r-commutator becomes 
showing its correctness. □ 

The isomorphism of Proposition 8 holds only for trivial actions on A and it is 
natural in the sense that in this case it is functorial and in fact uniquely defined. 
For an arbitrary G-module in the classical case there exists another form of this 
isomorphism, where its right side is replaced by the non-abelian tensor product of 
the groups G and A. 



3. The equivariant integral homology 

Denote the T-equivariant integral homology groups H^(G,Z) = H^(G), n > 0, 
the groups G and F acting trivially on Z. 

Corollary 9. There is a functorial isomorphism 

H^(G)^G/[G,G] r . 
Proof. The proof follows from Corollary |U] and Proposition |HJ □ 
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Note that the group [G, G]r/[G, G] shows the difference between the classical and 
the T-equivariant abelianization functors. We denote by TT the functor assigning 
to any T-group G the abelian group [G,G]r/[G,G]. We also denote by T ■ G the 
subgroup of G generated by the elements a g ■ g^ 1 , g G G, a G Y. One has a natural 
homomorphism 

(3 n : H n (G) -> H T n {G) , n > , 
induced by the morphism of abelian simplicial groups 

(I(F»(G)) ® G Z) -> I(F*(G)) ® G ,r Z . 



Theorem 10. (i) There is an isomorphism 

L^(Gf)-tf n r +1 (G), n>0. 
(ii) There are a functorial short exact sequence 

o -> r • g/[g, G] n r ■ g -> #i(G) -> iff (G) -> o , 

and a /ong exaci homology sequence 

• • • -> ff n r +1 (G) - L^TTCG) - if n (G) - Jf n r (G) - L$_JT(G) 
if 3 r (G) -> LffT(G) -> H 2 (G) -> Jf 2 r (G) -> LqTT(G) -> ff^G) -> iff (G) -> 0. 

Proof, (i) The proof follows from Proposition [7| and Corollary El 
(ii) The commutative diagram 

H X {G) ^ H\(G) 

G/[G,G] -> G/[G,G] r 

shows that Ker/3x is isomorphic to [G,G]r/[G, G] and it is clear that [G, G]r = 
[G, G] • (Tr(G)). By applying the short exact sequence (ii) to the cotriple resolution 
F#(G) — > G, we obtain a short exact sequence of simplicial abelian groups 

- Tr(F*(G)) -> H^F.iG)) -> Hl{F*{G)) - 

inducing a long exact homology sequence and it remains to recall that the cotriple 
n-th derived functor of the first integral homology gives the (n + l)-th integral 
homology group, n > 0. □ 

Let A be a G x T-module on which G and T act trivially. Then 

Hf(G, A) = 1(G) ® Gy>r A = iff (G) ®A = G/[G, G] r ® A 

and 

if^G, A) = Der r (G, A) = Hom G)< r(f (G) ® G * r Z, A) = Hom(G/[G, G] r , A) . 

On the other hand, if G is a T-free group with basis X and (3 : G —>■ G/[G, G]r is the 
canonical T-homomorphism, then G/[G, G]r is a free abelian group with basis (3(X). 
Any map 7 : (3(X) — > 5 to an abelian group S induces a T-map 7/5 : X — > B which 
is uniquely extended to a T-homomorphism G — > B assuming V acts trivially on B 
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and one gets a uniquely denned homomorphism G/[G,G]r — > B whose restriction 
on (3(X) is equal to 7. 

We deduce that for any G x T-module A with trivial actions of G and r on A 
we obtain universal coefficient formulas for the equivariant (co)homology groups 
Hl(G, A) and H£(G, A), n > 0. 

Theorem 11. There are short exact split (not naturally) sequences 
-> H r n {G) ®A^ H^G, A) -> Tor^ff^G), A)) — > , 
- Ebrt^^CG), A)) - i?r(G, A) - Hom(^(G), A)) - 

/or n > 0. 



4. Universal central T-equivariant extensions and Hopf formula 

Let G be a T-group and A a G x T-module. 

Definition 12. A V -equivariant extension E of the T-group G by the V -equivariant 
G-module A is an extension of G by the G-module A 

E:0^A^B^G^1 
satisfying the following conditions: 

1) E is a sequence of V -groups, 

2) E is V -splitting, that is there is a Y-map 7 : G — > B such that (3^ = 1q- 

E is called a central T-equivariant extension of the T-group G, if a(A) belongs to 
the center of B and F acts trivially on A. 

Note that T-equivariant extensions of T-groups investigated in jH] do not in general 
satisfy the condition 2). 

A central T-equivariant extension (U, (3) of G is called universal, if for any central 
T-equivariant extension (X, a) of G there is a unique T-homomorphism U — > X over 
G. 

Two T-equivariant extensions E and E' of G by A are called equivalent if there 
is a morphism E —>■ E' which is the identity on A and G. We denote by Er(G, A) 
the set of equivalence classes of T-equivariant extensions of G by A. 

Definition 13. A T-group G is called T -perfect, ifG coincides with its T -commutator 
subgroup [G, G]r (see also ). 

Below we give important examples of T-groups which are T-perfect but not perfect 
(see Section 6). 

Proposition 14. If (X, if) is a central T-equivariant extension of a T-perfect group 
G, then the T -commutator subgroup X' = [G,G]r is T-perfect and maps onto G. 
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Proof. Since G is T-perfect, it is clear that <p maps X' onto G. It follows that any 
element x £ X can be written as a product x'c with x' £ X' and c belongs to Kercp. 
Therefore every generator of X' of the form [x\, x 2 ] is equal to [x^c^, x 2 c 2 } = [x[, x' 2 ) 
with x[, x' 2 £ X' and of the form a x ■ x~ l is equal to a (x'c) ■ (x'c)^ 1 = a x' ■ x'^ 1 with 
x' £ X'. Whence X' = [X',X'] T . ^ □ 



Corollary 15. (X', y|x') central T-equivariant extension ofG. 

Proof. We have only to show that (X',tp\x') is T-splitting. Let 7 be the T-splitting 
map for (X,(p), that is ify = 1q- Then a T-splitting map 7' for the extension 
(X',ip\x') is defined as follows: consider the decomposition {D v } of G into orbits 
with respect to the action of T on G. Choose a representative z v £ -D,, for each D v 
and choose an expression 

z v = [xi,yi]n • [x 2 , y 2 ]a 2 ■ ■ ■ [Xk, Vk]a k 
of z v in terms of T- commutators. The equalities 

'([s.y],) = CT '(x^x-V 1 )= "* a V 1 ) 17 V 1 ) = 
°'x «*"»-\°' y ) -(x- 1 ) -(y- 1 ) = fx, CT, yW- , 

x,y (z G, a, o' £ T, imply the expression 
for cr £ T. 

Clearly any element g £ G has the form for some z v £ -D^ and cr £ T. The 
required T- splitting map 7' : G — > X' is given by setting 

Y(s) = Y(%) = ["t^O, ^(y^U^Tii^), "tWU^ ■ ■ ■ [ a i(x k ), "7(2/*) W-*- 

□ 



Theorem 16. A central T-equivariant extension (U, f3) of a T-group G is universal 
if and only if U is V -perfect and every central equivariant Y -extension (W, a) of U 
splits. 

Proof. We will follow Milnor's proof of the classical case [2E|- Let U be T-perfect 
and every central T-equivariant extension of U splits. Let (X, (p) be an arbitrary 
central T-equivariant extension of G. Take the following diagram with exact rows 

O^C^XxU^U^ 1 

II "1 I? 

-> C -> X A G -> 1, 

where X x {/ is the fiber product of X — > G <— [/. It is easy to check that the 
top row is a central T-equivariant extension of U. Therefore one has a T-section 
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s : U — > X x U. Thus the r-homomorphism / = qs : U — > X is over G and the 
diagram 

i f i II 
O^G^X^G^l 

is commutative. To prove that (U, (3) is universal, it remains to show the uniqueness 
of such an /. Let f\, f'2 ■ U —>■ X be two T-homomorphisms over G. Then one gets 
a r-homomorphism h : U — » C given by ft,(it) = /i(w) • ^(w) -1 , u € U, which is 
trivial, since {7 is T-perfect and T acts trivially on C. 

Let (X, if) and (Y, '0) be central T-equivariant extensions of G. Then, as we have 
seen, if Y is T-perfect there exists at most one r-homomorphism from Y to X over 
G. If Y is not T-perfect, then there is a suitable central T-equivariant (X,(p) of G 
such that there exists more than one r-homomorphism from Y to X over G. Indeed 
in this case there exists a non trivial r-homomorphism / from Y to some abelian 
group A on which V acts trivially. Take the central T-equivariant split extension 

0->A->AxG->G->l. 

Setting fi(y) = (0, i/j(y)) and fz(y) = (f(y), i>{y)) one gets two distinct r-homomor- 
phisms j\ and /2 from Y to A x G over G. 

Now let (U, /3) be a universal central T-equivariant extension of G and (W,a) a 
central T-equivariant extension of U. Since (U, (3) is a universal central T-equivariant 
extension of G, the group U is T-perfect. We will show that (W, Pa) is a central 
T-equivariant extension of G. Take xo G Ker/?a. Then a(xo) belongs to the center 
of {/ and T acts trivially on Ker/?<x In effect, if 7 : U — > W is a T-section of 
(V4 7 , a), one has CT (x — ja(x )) = x — r ya(x ); on the other hand, CT (x — 7a(x )) = 
a %o — 7 CT «(^o) = a xo — 7«(^o)- Whence °"a;o = Xq, xq G Ker/3a, a G T. We obtain 
a r-homomorphism h : W ^ W over {7 given by G W. Since 

[W, iy]r is T-perfect, the restriction of h to the T-commutator subgroup [W, W]r of 
W is the identity map. Thus Xq commutes with elements of [W, W]r implying xq 
belongs to the center of W, since W is generated by [W, W]r and Ker a. 

We deduce that there is a unique morphism (U, (3) — > (W, Pa) over G, since 
(U, (3) is universal. Therefore the composite ak of the induced r-homomorphism 
k : U W over G with a is equal to the identity showing that (W, a) splits. □ 

It should be noted that central T-equivariant extensions without T-splitting prop- 
erty were used in [26J to characterize universal central relative extensions of an 
epimorphism v : T — > Q of groups. 

Let r : P — > G be a projective presentation of the T-group G and i? denotes the 
kernel of r. Then the r-homomorphism r sends the normal T-subgroup [P, R]r of P 
to 1 and therefore induces a r-homomorphism r' : [P, P] r /[P, R] r — ► [G, G]r which 
is surjective. 

Theorem 17. (i) 7/G T-perfect, then ([P, P]r/[P, R]r, t') is a universal cen- 
tral T-equivariant extension of G. 
(ii) For any V -group G the group (RP\ [P, P]r)/[P, R]r is isomorphic to H^G). 
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Proof. (i)The extension (P/[P, R]-p, r) is a central T-equivariant extension of G. 
Clearly this extension is central. The group V acts trivially on Kerr = R/[P, R]r- 
Indeed the element a G R, belongs to [P, R] T for any a G T. 

By Proposition fTH the group [P, P]r / [P, R]t is T-perfect and maps onto G. By 
Corollary 15 it follows that the extension [P, P]-p/[P, R]r —>■ G has a T- equivariant 
splitting map. Let (X, ip) be a central T-equivariant extension of G. Then there 
is a T-homomorphism / : P — > X over G. Since (X, is a central T-equivariant 
extension of G, it is easy to see that f([P, R]r) = 1- Therefore the restriction of 
/ on [P, P]r induces a unique T-homomorphism [P, P]r/[P, P]r — > X over G, since 
[P, P]r/[P, R]t is a T-perfect group. We deduce that the short exact sequence 

-> (P n [P, P]r)/[P P]r -> [P, P]r/[P, R]r -> G -> 1 

is a universal central T-extension of the T-perfect group G. 

(ii) Let P* — > G be the 7V-projective resolution of the T- group G induced by the 
projective presentation r : P — > G, which we have defined in section 2. The long 
exact homotopy sequence induced by the short exact sequence 

1 -> ([P*,P*] r -> [G, G] r ) - (P* ^ G) ^ ((P,)r - -> 1 

of augmented pseudosimplicial groups yields, according to Theorem HUH ), the exact 
sequence 

(6) - Pf 2 r (G) - 7r ([P„ P,] r ) ^ G, 

where the image of r' is [G, G]r- It is clear that P* — > G is simplicially exact. For 
the calculation of 7r ([P*, P*]r) we will prove the equality 

(7) Kerdo 1 n [Pi,Pi]r = [Pi,Ker^] r . 

It suffices to show the inclusion Ker 3q fl [Pi, Pi]r C [Pi, Ker<9g]r, since the converse 
inclusion is obvious. First we will prove the equality 

(8) [P u P 1 ] r =[P 1 ,Keid 1 } r -([P 1 ,P 1 ] r ns (P )). 

In effect, if [x, y] a G [Pi,Pi]r, then for x = d ■ so(c), y = b ■ sq(o) with c$(x) = c, 
®o{y) = a an d b,d E Ker (9q, one has 

[x, y\ a = [x,b ■ so(a)] = x a b a (so(a))x _1 • so(a)^ 1 ■ b~ x = [x, b\ a ■ bx a (so(a)) ■ x^ 1 

■ s (a) _1 ■ b' 1 = [x, b) a ■ bds (c) CT (s (a))so(e)~ 1 ■ d~ 1 s (a)~ 1 ■ b' 1 = [x, b] a ■ bd[s (c), s ( 
• s (a)d~ 1 So(a^ 1 ) ■ b~ x = [x, b} a ■ z • [s (c), s (a)] CT • bd ■ s (a)d^ 1 so(a)~ b~ = [x, b] a ■ z 

■ [s (c), s (a)) a -b-[d, s (a)] ■ b' 1 

with z G [Pi,Ker^] r , b[d, So(a)]& -1 G [Pi, Ker dfc] and [s (c), s (a)]<7 e s (P ). 

It follows that [ac, y] r belongs to [Pi, Ker 9^] r ■ ([P 1; Pi] r n s Q (P Q )) that proves the 
required equality (jSJ). 

Let tu G [Pi, Pi] r n Ker Then by © w G [Pi, Ker 0*] ■ ([Pi, P x ] r n s (P )), that 
is w = w' • a/ with «>' G [Pi,Ker9o]r and x' G [Pi,Pi]r H s (P ). It follows that 
x' = w'~ l w belongs to Kerc?Q fl so(Po) = 1- Whence w = w' and the equality (JJJ) is 
proved. 
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Since ^(Kerdg) = R, using the equality (j7J) one gets 

d 1 1 ([P 1 ,P 1 } r nKerd 1 ) = 9 1 1 ([P 1 ,Ker9 1 ] r ) = [P ,R} T 

showing that 7To([P*, P*\r) = [P, P]r/[P, R]r- The required isomorphism of the the- 
orem follows now from the exact sequence Q. □ 

The result of Theorem 1.17(h) will be called the equivariant Hopf formula. In a 
forthcoming paper equivariant higher Hopf type formulas will be established for the 
T-equivariant integral homology P r (G). 

Corollary 18. The group RD [P, P]r/[P, R)r does not depend on the projective pre- 
sentation P —> G of the Y -group G. A Y -group has a universal central Y -equivariant 
extension if and only if it is Y -perfect. 



Theorem 19. Let l-*]V-*i?^G^l be a short exact sequence of Y-groups 
such that the Y- homomorphism a has a Y- excision and r : P — > E a projective 
presentation of the Y-group E.Then there is an exact sequence 

O^U^ h t 2 {E) - H T 2 {G) ± N/[E, N] r - Hf(E) - H*(G) - 0, 

where U is the kernel of the Y -homomorphism [P, S]r/[P, R]r [E, N]r, R = Kerr, 
S = Kerar, induced by r. 

Proof. Using the exact sequence © the T-homomorphism a induces the following 
commutative diagram with exact rows and columns: 






1 


1 


1 




i 


i 


I 


I 




Ker 7' 


-> Ker 7 


± N - 




-> 


I 


I 


i 


i 




Hl{E) - 


-> 7r ([P*,P»] r ) 


-> E - 


» Hf(E) 


-> 






i- 


i 




Hl{G) 


- vr ([Pf,Pf] r ) 


-> G - 


» HUG) 


-> 




i 


i 


i 






1 


1 








where P* — > P and Pp — ► G are 7V-projective resolutions of E and G induced by 
r and ar respectively. Clearly Ker 7 = [P, S]r/[P, R]v- It follows that the image 
(?y(Ker7)) of Ker 7 is equal to [E, N]r and Kerr/ is isomorphic to Ker 7'. Therefore 
this diagram yields the required exact sequence, where the connecting homomor- 
phism 5 is defined in a natural way. □ 

Theorem 1.19 is a generalized equivariant version of the well known Stallings- 
Stammbach exact sequence in integral homology [31J. 



Theorem 20. If A is a Y -equivariant G-module, then there is a bijection 

E r (G,A))^H*(G,A). 
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Proof. We will use the isomorphism H^(G,A)) = R}p Derr(G, A)) (see Theorem OJ) 
and show the bijection E-p(G,A) = R]p Der(G, A). Take the free cotriple resolution 
— > G of the T-group G which is simplicially exact. Then Fx —>■ F factors 
through F\ — > M — > F , Z Ti = <9q, ^i r i = ®h where M is the simplicial kernel of 
r and t\ is surjective. If / G Der r (F 1; y4) such that ^2f(— ^) l df = 0, then there 
is f G Derr(M,A) such that /'n = / and /'(A) = 0, A = G F }. 

Denote by Derr(M, A) the subgroup of Derr(M, A) consisting of T-derivations / 
with /(A) = 0. Conversely, if f G Derr(M, A), then E/'t^-I)*^ = 0. It follows 

i 

that it is sufficient to establish a bijection with Coker rj, where r] : Derr(Fo, A) ~~ * 
De^ r (M, A), r] = Der r (7 , A) - Der r (/ 1 , A). 

Define a map : E r (G,A) -> fl£(G,A) as follows. If [£] G E r (G,A), 
i? : — >A— > B — > G — > 1, since £ is T-splitting, there is a commutative dia- 
gram 

'J 

M z% F A G 

Si lv || 

A A B A G , 

where i*o = F(G), ip is a T-homomorphism and /(#) = tplo(x) ■ (pl~ (x), x G M. It 
is easily seen that / is a T-derivation such that /(A) = and define ^d-E 1 ]) = [/]. 
Conversely, if [/] G H^(G, A), then take the semidirect product Ay\G and introduce 
a relation 

(a,x) ~ {a',x') t(x) = r(x') 

and a ■ f(x, x') = a'. It is easy to check that this relation is a congruence and let C 
be the quotient A x G/ ~ which is a T-group. One gets a commutative diagram 

M z% F(G) A G 

/I I ^ II 

A A G A G , 

where cr(a) = [(a,x)], fi([(a, x))) = r(x), ip(x) = [(o,x)]. The extension E : — > 
A A G A G -> 1 is a T-equivariant extension of G by A, the splitting T-map is 
given by 7 (#) = ^(0, |<?|), g G G. Define 0' : H£(G, A) - £ r (G, A) by #'([/]) = [£]. 
It is standard to show that and •& are well defined and inverse to each other. □ 



Note that Theorem I2H could also be proved using the corresponding factor set 
theory for T-groups and the bijection $ is in fact an isomorphism with respect to 
the "Baer sum" which could be introduced on E-p(G,A). The description of higher 
T-equivariant group cohomology H^ +1 (G, A), n > 2, by extensions is also realizable 
using ra-fold T-equivariant extensions of G by A, that means extensions of the form 

E : ^ A^ Xx^ X 2 ^ >X n -> G -> 1, 
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where — > A — > X x — > Ima\ — > 0, — > Ima^i — > — > 7maj — > 0, for 
1 < z < n — 1, are proper short exact sequences of G x T- modules and 
— > Jma n _i — > X n — > G — > 1 is a T-equivariant extension of G by Ima„_i, and by 
introducing the T-equivariant characteristic class x(^) °f a T-equivariant extension 
P of G by A, which means by constructing for any T-equivariant extension E of G 
by A: 

E:0^A^B^G^1 
the exact sequence of G X T-modules 

= o -> A 4 £ Z(G) AZ^O, 

where F(B') is the relatively free G x T-module generated by the T-set 5' = {[6], 6 G 
P,6 ^ 0} with [0] = 0, a (x[b}) = a x[ a b] for x G G, a G T, 6 G 5'; L is its G x T- 
submodule generated by the elements [b\ + 6 2 ] — P(bi)[b 2 ] — [b\], where 61,62 G B, 
and the G X T-homomorphisms a', f3' are induced in a natural way by a and /? 
respectively. 

Using the cochain description (see Section 1) of the T-equivariant cohomology of 
groups H£(G,A) the cup product can be defined, since the tensor product [T] of 
T-cochains is again a T-cochain. Therefore there is a cup product 

Iff (G, A) <g> if«(G, 5) -> P£ +<? (G, A®B) 

for p, g > 1, endowing on Pf (G, A) a structure of Pp(G)-module. 
For any short exact sequence of G X T-modules 

such that P is T-splitting the sequences 

-> P ® G)< r A' — > P ® G)< r A -> P ® G)< r A" -»■ 

and 

-> Hom G „ r {P, A') -> Hom G>4r (P, A) -> Hom Gxr (P, A") -> 

are exact for any relatively projective G x T-module P implying exact T-equivariant 
homology and cohomology sequences respectively. 

Let G be finite and let us consider the homomorphism iVc : A —>■ A, N G (a) = 
£ s a, where A is a G x T-module. Assume that T acts trivially on N G (A). There- 
fore one has the inclusion N G (A) C A T and N G induces a homomorphism N G : 
P£ (G, A) -> P£(G, A). For this we have only to show that JV G ( ff a - a) = 0. In ef- 
fect N G (a) = a N G (a) = a ( S s a) = S CT ( s a) = S ' s ( fffl ) = N G ( CT a). Under the afore 

S(~G SdizG SdizG 

given assumption we can define T-equivariant Tate cohomology groups Hfi(G,A), 
n G Z, by setting 

Pf*(G,A) =#£(G,A),n > 1, 
H°(G, A) = KeriV*, H^(G,A) = CokeriV*, 
H T n (G,A)=H^ 1 (G,A),n>2. 
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Proposition 21. For any short exact sequence of G x T-modules 

E : ^ A' A A" ^ 

such that (3 is T -splitting there is a long exact sequence of T-equivariant Tate coho- 
mology groups 

► H£-\G, A") -> H£(G, A') -> #£(G, A) -> #£(G, A") -> #™ +1 (G, A') -> • • • 

Proof. By using for £7 the exact T-equivariant homology and cohomology sequences 
the proof is similar to the classical case (see [1], Chapter IV, Theorem 6.1). □ 

Note that it would be interesting to construct the T-equivariant versions of Tarell 
cohomology theory of groups [5] and Vogel (co)homology theory of groups [35] gen- 
eralizing the above defined T-equivariant Tate cohomology theory of groups. 



5. Relationship with equivariant cohomology of topological spaces 

Let X be a topological space. If a group G acts on X, then this action induces 
an action of G on the singular complex S(X) of X given by gf, f : A n — > X, 
f G S(X), making S(X) a chain complex of G-modules, where g : X — > X is the 
homeomorphism of X induced by the action of g G G. 

Throughout out this section X is a G-space the group G acting on X properly. 
That means each point x of X belongs to some proper open subset of X. Recall that 
an open subset U of X is called proper with respect to the action of G, if 9 U fl U is 
empty for all elements g ^ 1 of G [27| . 

We will assume also that a separate group T acts on G and X such that the 
following condition holds: 

(9) Tx) = 9 M, 

for x e X, g e G, o e T. 

Tor example if X is a G-space, take T = G with the actions of T on G by 
conjugation and on X as G is acting. 

Then the augmented singular complex S(X) — > Z: 

(10) ► s n (x) - s;_ipo -> ► s^x) ^ 5 (x) -> z ^ o 

is a chain complex of G x T-modules, where the groups G and T act trivially on Z. 

It will be said that the topological space X has the property (c), if the singular 
complex (fTUj) is exact and any induced short exact sequence 

-> Ker <9 fc -> S fc (X) -> Jm9 fc -> 

is T-splitting for > 0. 

For instance X satisfies the condition (c) if either X is acyclic and T acts trivially 
on X or X is T-contractible, that is the identity map lx '■ X — > X is T-homotopic 
to a constant map /o : X — > Xq G X. 
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Theorem 22. If a topological space X satisfies the condition (c), then there is an 
isomorphism 

H£{G,A) = H£{X/G,A) 

for n > 0, where A is an abelian group on which G and V act trivially and H£(X/ G, A) 
is the equivariant cohomology of topological spaces [3] . 

Proof. Since G acts properly on X, by Lemma 11.2 ([22], Chapter IV) the sequence 
(jlUj) is a chain complex of free G-modules. Therefore each S n (X), n > 0, is a G x T- 
module which is free as G-module and its basis consisting of singular n-th simplexes 
is a T-subset. It follows that (|1U|) is a relatively free G x T-resolution of Z. 

By Proposition 11.4 (|2Zj, Chapter IV) the canonical map p : X — > X/G induces 
an isomorphism 

p* : Rom z (S(X/G),A) Rom G (S(X), A) 

of chain complexes. Notice that the group F acts naturally on X/G and the map p is 
a T-map. Indeed, the action of V given by CT ([^]) = [ a x], x G X, a G T, is well defined, 
thanks to the equality 0; if 9 x = y for some g G G, then °y = °"( 9 x) = <T9 ( fJ x) for 
any a G T. It is obvious that under so defined action of T the map p is a T-map. 
This implies that the isomorphism p* induces an isomorphism 

Eom r (S(X/G),A) = Hom G>< r(S(V), A) 

of cochain complexes giving the required isomorphism of the equivariant group co- 
homology of the space X/ G with the equivariant group cohomology of the group G 
with coefficients in A with trivial actions of G and T. □ 

Property (c) holds whenever T acts trivially on the group G and on the acyclic 
space X. Therefore Theorem l2"2l is an equivariant version of the classical Theorem 
11.5 (|Z3,Chapter IV). 



6. Applications to algebraic K-theory 

Let A be a unital ring and / its ideal. The group E n (A, I) is the normal subgroup 
of the group E n (A) of elementary n-matrices generated by /-elementary n- matrices 
e n of the form e n = I n + ae^- with a G I and i ^ j (see j2j). The group E(A, I) is 
defined as limE n (A, I). It is known [2] that 

71 

E n (A,I) = [E n (A),E n (A,I)} 

for n > 3. 

It follows that the group E n (A,I), n > 3, which is not perfect in general, is a 
_E n (y4)-perfect group, the group E n (A) acting on E n (A,I) by conjugation. Clearly 
the same is true for the relative elementary group E(A,I), that is E(A,I) is a 
£'(A)-perfect group. 
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Now let A be a ring not necessarily with identity. Denote by A + the unital ring 
given by A + = {(a, n), a £ A, n £ Z} with usual sum and product 

(a, n) ■ (a, n) = (aa' + na + n'a, nn'). 

One has a short split exact sequence of rings 

(11) O^A^i+^Z^O, 

where cr(a) = (a,0), r(a,n) = n and with splitting map 7 : Z — > A + , 7(71) = (0,n). 

By definition E(A) = KerE(r), St (A) = Ker St (r) and K 2 (A) = Ker AT 2 (r). 
Clearly = E(A + ,A). Whence we have the following short exact sequence of 

short exact sequences induced by (fTTj) : 

-> (0 -> K 2 (A) -> ^ E{A) -»■ 1) -»■ (0 -> K 2 (A + ) -> £ E(A+) -> 1) 

-> (0 -> tf 2 (Z) -> St(Z) -> £(Z) -> 1) -> 0. 

One gets an action of S't(Z) on St (A) by conjugation using the splitting map 
St(j). The group E(A) and the general linear group GL(A) also become St(Z)- 
groups by conjugation via the map f3 + ■ ££(7). Clearly (3 is a SY(Z)-homomorphism 
and St(1i) acts trivially on X 2 (A). Therefore the central extension of the group 

(12) -> tf 2 (A) -> S't(A) ^ -> 1 

is a sequence of S£(Z)-groups. 

There is a presentation of the Steinberg group St (A) as a S't(Z)-group as follows 
[32] ■ The generators for i,j>l,i^ j, a <E A, satisfy the relations 

(1) x?-4 = 

( 2 ) [ x ij, x km] = l,j ^k,i^m. 

(o\ \„a „& 1 _ ™afe 
1<-V ^jki ~ x ik' 

(4) x^xt-ix^Y 1 = x a ^zeZ. 

(5) xijXkm( X tj) = X kmi z e Z , i ^ m, j ^ k . 

(6) .r :-,•;;,(.,•:.) • = xj*x} fc ,z £ Z,i ^ k. 

(7) XijXki( X ij) = X kj X kii Z ^ ^k. 

Theorem 23. The sequence Mfy) is a universal central St(Z)-equivariant extension 
ofE(A). 

Proof. The map k + : {e?- } — > S*t(A + ) of elementary matrices given by « + (e a = 

a + £ A + , i ^ j, induces a St(Z)- map k : -E(A) — > St(A) such that /3k = 1e(a) 
by using the proof of a similar fact in the case of Corollary 15 and taking into 
account the action of St(Z) on the generators e"-. We conclude that (|T2|) is a central 
S*t(Z)-equivariant extension of E(A). 

From the above condition (6) on generators one has x\jXj h {x\j)~ l = x b ik x b j k , i 
be A. It follows that [St(A), St(Z)] = St(A) showing the groups St(A) and E{A) 
are SY(Z)-perfect groups. Following Theorem [TBI it remains to show that any central 
S't(Z)-equivariant extension of St (A) splits. 
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Let 

(13) o -> c -> y s't(A) -> 1 

be a central S't(Z)-equivariant extension of St(A) with splitting S't(Z)-map 7 : 
St(A) — > y. Consider the following exact sequence 

(14) -> G -> y x St(Z) -> S't(A) x St(Z) -> 1 

induced by f)13j) and by the given action of St(Z) on this sequence. Clearly St(A + ) = 
St(A) x St(H) and (fTlj) is a central extension of 5*t(y4 + ). Therefore (fTlj) splits, since 
/3 + : S^A" 1 ") — > -E(y4 + ) is a universal central extension of E(A + ) . Obviously St(A + ) 
is generated by x®j and x^, a e A, z e Z. 

Following the proof of Theorem 5.10 [2E|; the section for ()14j) can be constructed 
as follows. For i ^ j chose an index h distinct from i and j. Take the elements 
y = j{x} h ) and j/' = 7(2^ -). Then the needed section is defined by x?- 1— > [y, y'] = s?., 
x| fe 1 — > x| fc . In j2H] it is shown that this section does not depend on h and the 
elements s?-,x| fe satisfy all the Steinberg relations. This implies that the elements 
$ij,Xjk satisfy the relations (l)-(7) of the St(Z)-presentation of St(A). It follows 
that by sending x^ to s?-, a E A, i ^ j, this map gives rise to the required splitting 
S't(Z)-homomorphism s : St(A) —>■ Y. □ 



Corollary 24. There is an isomorphism 

K 2 (A) H^ m (E(A)) and #f (Z) (St(A)) = 

for any ring A. 

Proof. The proof follows from Theorems El G-H and d 

Finally we provide the construction of an alternative equivariant algebraic K- 
theory by using T-equivariant commutators. 

Let Ti(G) , i > 0, be the lower T-equivariant central series of a T-group G [11 , 
where r (G) = G, T^G) = [G,G] r and r i+1 (G) = [G,r i (G)] r , z > 0. First we 
give the equivariant version of the Z-completion functor : Q — > defined on the 
category of groups by setting 

^(G) = hmG/r i (G), 

where {T^G)} is the T-equivariant lower central series of the T-group G. We obtain 
a covariant functor : Qr — > Qr- 

Let A be a ring and T a group acting on the general linear group GL(A). Define 
the T-equivariant algebraic K-functors by 

(15) K^(A)=L^ 1 Z r OD (GL(A)),n>l, 

where Vjr is the projective class induced by the free cotriple T in the category Q-p 
of T-groups. This definition could actually be considered as an equivariant version 
of Quillen's algebraic K-theory, since in the case of the trivial action of T on GL(A) 
it is proved that the left derived functors of the functor Zoo with respect to the 
projective class induced by the free cotriple in the category of groups are isomorphic 
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to Quillen's A-groups up to dimension shift [231 120] ■ It would be interesting to 
establish the relationship of the afore defined equivariant algebraic A-theory (JTSJl 
with the equivariant algebraic K-theory given in ^3] ■ 
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